Approximation of the Value Function for a Class of Differential Games with Target by Pourtallier, Odile & Tidball, Mabel M.
HAL Id: inria-00073757
https://hal.inria.fr/inria-00073757
Submitted on 24 May 2006
HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.
L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.
Approximation of the Value Function for a Class of
Differential Games with Target
Odile Pourtallier, Mabel M. Tidball
To cite this version:
Odile Pourtallier, Mabel M. Tidball. Approximation of the Value Function for a Class of Differential









ap por t  
de  r ech er ch e 
INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE
  
	 	    !"#	 $




















""rr  ^xlSnqsd t ^"{_jZ\^iroo{sly\df]_irjsdplSnlrixhfirqqTl# t dm O^w{s^wnSjkdpirh2SiS]^wq_¡2dmjZjir{kr^"j
¢ u£qkjsl\x0Zirqkjsdfx<eir]_^"q"¤  ^¥gqk^1¦{kg\§w¨#l'©ªj{kiSnqs«lS{]_irjsdplSn¬jkl­l ¢ jki#dfn t dfqxlSgnSjk^ t xlSqkjkq"¤Y2Z\^
iSoo{kly\dp]Ti#jkdmlenBdfq ¢ irqk^ t lSniqoiSx^ t dfqkx"{s^"jsdp§"irjsdplSn1l#2jkZ^qkjki#jk^®qkoirx^irn t hp^"i t qjsl¥xlSnqsd t ^"{
jZ\^_©irhpg^ ¯gnxjsdplSn¥l#°jkZ\^ t dm O^w{s^wnSjkdpirh7Sir]_^_irqjkZ\^_hmdf]_dmjlr%jkZ\^T©'i#hfg\^ ¯gnxjkdmlenBlr°iqs^w±eg^"nx^
lr°qkjsl\x0ZirqkjsdfxSir]_^wq¤ YlWo{sl'©S^ jZ\^²xlSne©S^"{kr^"nx^r³O¡9^Tgqs^_jkZ\^²n\lSjsdplSnBl#°©vdfqkxlSqkdmj´u<qklrhfg\jsdplSn«lS{
oir{kjsdfi#h t dm O^w{s^wnejsdfi#hµ^w±egi#jsdplSnq¤Y2Z\dpq i#hphml'¡	qgqjsl]Tir¨r^®irqqkg]_ojsdplSnqlen\hpuBlSn1jZ\^xlenejsdfnegdmj´u
lrjZ\^©'i#hfg\^¯gnxjsdplSn<irn t n\lSj2lSndmjq t dm O^w{s^wnejsdfi ¢ dphmdpj´ur¤µY2Zdpq2jk^"x0Zndp±vg\^lro{klvl#¶Zirq ¢ ^^wngqs^ t
¢ ^«le{s^ ¢ uT~¤S·*iS{ t d?³e~¤S¸Oi#hfxlen\^Girn t z¤bele{ki©vdfiG«le{%iSn\lrjZ\^"{µ¨edfn t l# t dpqx{k^jkdm§wi#jsdplSn¹¤,n t ^"{°jkZ\^
i tt dpjsdplSnirhZeu\olSjkZ\^wqsdfqµjZi#jµjZ\^G©'irhpg\^	¯gnxjkdmlenTdpq%º,dfoqx0Z\dmjk§GxlenejsdfneglSgq"³r¡9^	o{kl'©r^2jkZi#jµjZ\^{i#jk^
lrOxlSne©r^w{sS^"nx^µl#OjkZ\dfq¶qkx0Z^"]_^*dpql#OlS{ t ^"{µ» ¼_¡	Z\^w{s^2¼_dpq7jZ\^2qkoirx^2oiS{kiS]_^js^w{,lr t dfqx{k^jsdp§"irjsdplSn½¤
bvlS]_^Gnvg]_^"{kdpx"i#h^yo^w{sdf]_^"nejkqµiS{s^o{s^wqs^wnejs^ t dfnTlS{ t ^"{µjsljk^"qkjµjkZ\^i#hprle{sdpjkZ]¾«lS{µi o{sl ¢ hp^"]¾¡2dpjkZ
t dpqxlenSjkdpnvg\legq*qslShpgjsdplSn½¤
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   nxlenqkd t [w{s^°h iroo{sly\df]Ti#jsdplSn t  gn^9xhpiSqkqk^ t ^|}^"g\y t d  "{k^"nejkdm^"hpq7i©r^wxµxd ¢ hp^9oir{ t ^"q
|}^wgvy qkjsl\x0Zirqkjsdf±vg\^"q"¤ng\jsdphmdfqk^°hfi	j{kiSnq}«le{k]TirjsdplSn t ^9¦{kg§"¨#l'©oleg{l ¢ jk^"n\df{ t ^"qxl\jkq7i©r^wx¶jkiSgvy
t  iSxjkgi#hpdpqi#jkdmlen½¤7º,^qkx0Z"]Ti t  iSoo{kly\dp]Ti#jkdmleng\jkdmhpdfq^wqsj ¢ iSqqg{*hfi t dpqx{jkdpqi#jkdmlen t ^h ^"qoirx^
t  "jki#j^j{k^©vdp^"nejªxlSnqkd t "{k^"{Thfi«lSnxjsdplSnµirhm^wg{ t g|}^"g t d  "{k^"nejsdp^hxle]_]_^hfihpdp]_dpjs^ t ^"q
«lenxjkdmlenqµi#hp^"g{ t  gn\^qg\dpjs^ t ^µ|}^wgvyqkjsl\x0Zirqkjsdf±vg\^"q"¤zleg{9o{sleg\©r^w{¶hfi xlene©r^"{kr^wnx^ t gqx0Z"]Ti³
len­g\jkdmhpdfqs^hpi1n\lSjsdplSn t ^qklrhfg\jsdplSn t ^©edfqxlSqkdpjolSg{hp^"qw±egi#jsdplSnq_iSgvy t ^"{kdp©^wqoir{kjsdp^hphm^wq t g
o{s^w]dp^"{le{ t {k^r¤°^hfin\legqo^w{k]_^"j t ^T{k^"qkjk{k^dfn t {k^_hm^wqZeu\olrjkZ["qk^"qqkg{hpi«lSnxjsdplSnµi#hp^"g{ hpi
xlSnejsdfnvg\dpjr³qkiSnqqk^To{"lvx"xgo^"{ t ^®qki t dm !w{s^wnejsdfi#hpdmjr¤²º,^wqjs^wx0Zn\df±vg\^"q t ^®o{s^wg\©r^TlSnej j t }|
gjsdphmdfq"^"q7oiS{~¤·2ir{ t dç³'~¤¸i#hfxlen\^9^jz¤rbele{ki©vdfi	olSg{gn_irg\j{s^9qkx0Zw]Ti t ^ t dfqkx"{"jsdfqkirjsdplSn½¤bvlSgq
h ZSu\olrjZ\["qk^ i tt dmjkdmlenn\^"hmhp^ t ^º,dfoqx0Z\dmjk§dfirn\dpj t ^ hfi²«lenxjkdmlen"µi#hp^"g{"³leno{klSg\©S^±vg\^ hfi²©vdmjk^"qqs^
t ^xlene©r^"{kr^wnx^ t gqkZ"]Ti#jg t d$^wqsj t ^Gh lS{ t {s^ t ^» ¼l&%¼®^"qkj°hp^oiS{kiS]_[jk{k^ t ^ t dpqx{jkdpqi#jkdmlen
t ^h ^"qoirx^r¤°nWo{"qk^"nejs^±vg\^"hp±vg\^wq2^yo'"{kdm^wnx^wq2neg](w{sdf±vg\^"q2olSg{2js^wqsjk^"{*h irhmSlS{kdmjZ]_^ t irnq	gn
x"irq*l%hfi«lSnxjsdplSn©'i#hp^"g{9^"qkj	n\lenxlSnejsdfnvg\^r¤
)¾Ä w Â *   + ±egi#jsdplSn t ^ Æ ir]_dmhpjslen£riSxl ¢ d9·*^"hmhf]Tirn}qkqirx"q³9o{slSS{ir]T]Ti#jkdmlen t u\nir]_df±vg\^r³
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 ^Gqkjkg t u_iSn²iroo{kly\dp]TirjsdplSn_qkx0Z\^w]_^2l#½jkZ\^G©irhpg^2¯gnxjsdplSn_«lS{%i t dm O^w{s^wnSjkdpirhSiS]_^2¡2dmjZ²jkiS{sS^j¤
Y2Z^©irhpg^¯gnxjkdmlendpq2jZ\^:9k]_dpn]Ti#y;jsdf]_^«lS{2jZ\^qsji#jk^jsl®{k^"irx0ZjkZ^jkir{kr^"j³iSn t dmj	dfq t ^	<n\^ t
dfn¬jkZ^¥qk^"nqk^l# µiS{kirdmuei³9	ly\dpn¹³ + hmhpdplrjiSn t ¦i#hpjslen>=?qk^^@? #Aç³?  6 Aç³,?m`Airn t ? BCAED0¤¾n t ^"{
iBxlSnej{slShmhfi ¢ dphpdmj´uBiSqkqg]To\jkdmlenF=¯jkZ^gqi ¢ hp^oiS{sjG=¯·*GzHDl#	jZ\^®jkiS{sS^jdfqjZ\^ ¢ lSgn t ir{kuBlr	jkZ\^
jir{kr^"j%D·2ir{ t diSn t bele{ki©vdfio{sl'©S^ t ? BAç³vjkZi#jµjZ\^G©'i#hfg\^2¯gnxjkdmlen²dpq%jkZ\^gn\df±vg\^	©vdpqxleqsdpj´uTqslShpg\jkdmlen
lrjZ\^}qkiSirx"q v^"±vgirjsdplSnirqqsl\xdpirjs^ t jsl²jZ\^SiS]^S¤
Y2Z\^	iSoo{kly\dp]Ti#jkdmlen qx0Z\^"]_^	o{k^"qk^"nejk^ t dpn_jkZdpqµoiro^"{¶dfqµirn_i t iro\ji#jsdplSnjsleir]_^"q7lrX]_^"jkZ\l t q
t ^©r^"hmleo^ t®¢ u Æ ¤ ¦gqkZn\^"{"³eqk^^I? wAÎ³S«le{°qkjsl\x0ZiSqsjkdpxxlenSj{slSh?¤Y2Z\^]_irdpnolSdpnej9dpq°jkZirj°jZ\^qx0Z\^w]^
gqs^wqiqkoirx^ t dfqkx"{s^"jsdp§"i#jkdmlenirn t irn¥iroo{sly\df]_irjsdplSnWlr°oir{kjsdfi#h t ^w{sdp©'i#jsdp©r^wq	dfn¥qgx0Zi¡*iujZi#j
j{kiSnqkdmjkdmlenªo{kl ¢ i ¢ dmhpdpjsdp^"qTiroo^"iS{ni#jkg{kirhmhpur¤­Y2Z^xlSnejsdfnvg\lSgq_eir]_^dfqTjkZ\^wn­iSoo{klyvdf]Ti#jk^ tª¢ u
qkjsl\x0ZiSqsjkdpx t dfqkx"{s^"js^qsji#jk^eir]_^"q"¤¶QhpiS{sS^hpdmjk^"{i#jg{s^^y\dfqsjq9lSnneg]^w{sdfxirh½]^"jkZ\l t q=çqs^"^? SCA½«lS{
iqg{k©r^u#D0¤Y2Z\dfq¶qkx0Z^"]_^*¡9iSq¶gqs^ t o{s^"©edplSgqshpu«lS{ t dfqxlSgnSjk^ t SiS]^*dfn leo^wnTqsji#js^2qoirx^*¡2dmjZ\lSg\j
¢ lSgn t ir{kuxlSn t dpjsdplSnq³qk^^? \5AÎ¤
Y2Z\dfqqkx0Z^"]_^ dfq ¢ irqkdpx"i#hphmujkZ^_qir]_^gqs^ t o{k^©vdplSgqkhmu«lS{xlenejk{klrh7o{sl ¢ hp^"]³½qs^"^J?m"Aµirn t «lS{
qkjsleoo\dfn\ªjkdp]_^Beir]_^r³	qk^^K? BCAç¤ }n£jkZ\^wqs^1oiro^"{q®jZ\^Bdfnejs^w{ko{k^ji#jkdmlendfn£jk^"{]_ql#xlSnejk{klrhphm^ t
~Bir{¨#l'©²x0Zi#dfnlS{2qkjsl\x0ZirqkjsdfxSir]_^wq*dpq2n\lSj2^yo\hpdpxdmjk^ t ¤
n\lrjZ\^"{qx0Z\^"]_^ lr t dfqkx"{s^"jsdp§"irjsdplSnZiSq ¢ ^"^"n t ^^"ohmuqkjkg t dm^ t ¤´jgqs^wq/<O{kqkji t dfqkx"{s^"jsdp§"i#jkdmlen
lr9jkdp]_^S³irn t jZ\^"ni t dfqx{k^jsdp§"irjsdplSnBl#*jkZ\^®qkjkirjs^®qoirx^r¤®Y2Z\dfqqkx0Z^"]_^®Zirq ¢ ^^wngqs^ t <{kqkj«lS{
xlSnejk{klrh7o{kl ¢ hp^"]Tq"³½qs^"^L? AÎ³$? CMAÎ³N? Aç³N? 6 AÎ³$? A¶«lS{jkZ\^Tjsdf]_^ t dpqx{k^jkdm§wi#jkdmlen½³O? PQA7«lS{¯g\hphmu t dfqx{k^js^





jZ\^¥{i#jk^<l# xlSne©r^w{sS^"nx^lrjkZ\dfqqx0Z\^w]^Bdpql#lS{ t ^w{» ¼T=ç¼ ¢ ^dfn\ªjkZ^¥qoirx^ t dfqkx"{s^"jsdp§"i#jkdmlen
oir{ir]_^jk^"{5D6¤7Y2Z\^js^wx0Zn\df±eg^dfq	qkdp]_dphpiS{*jslTjkZ^lSn\^dfnU? BAç¤
 ^°irhpqkl2]_iS¨#^µi*«^"¡{s^w]_iS{k¨vq½xlSnx^"{n\dpn9jZ\^%xlS]Toir{kdfqslenGlenjkZ\^µj´¡9l	qx0Z\^"]_^"q,irn t nvg]_^"{kdfxi#h
{k^"qg\hpjkq"¤
V W $9  
"_! !+- W	
 ^xlenqkd t ^w{9jkZ\^xhpiSqkq*lr t dm O^w{s^wnejsdfi#h¹eir]_^"q t ^	<n\^ tW¢ u
X jkZ\^ t uvnir]_dpx Y[Z\]^0_O`bac]\]^0_def]^0_dhg]^0__di^SjKk\(]k&_c`Flfm
 Z\^"{k^
n \(]^0_NoLp qsr dfq*jkZ^qsji#js^lrjZ\^SiS]^S³
n ec]^0_Nout ³ t xle]Toirxj³\dfq2jkZ\^xlSnejk{klrhXlrjZ\^]dfn\df]_dm§"^"{	irj9jkdp]_^ ^ ³
ØØ ÝOvwë6ô6íë




n g]^0_So ³  xlS]ToiSxj"³\dpq2jZ\^xlenejk{klrhXl#jkZ\^]Ti'y\df]_dm§"^"{2i#j2jkdp]_^ ^ ¤
 ^_irqqkg]^jkZirjGjZ\^ t u\niS]_dpx¯gnxjkdmlen a dpqi®xlSnejsdfnvg\lSgq	¯gnxjsdplSnW¯{klS] p qsr tjsl p qsr jZi#j	qi#jkdpqh<^"q ac]lfdhecdhg1_ac]\(dhecdhg1_  l \  decdhgdhlfdh\ =sD ac]\(dhecdhg1_  d ecdhgdh\(m =çD
=  m  t ^"n\lSjs^wq	jkZ^ "! ]p q r _ n\le{k](irn t  ³  ir{k^ xlenqkjkirnejq%D0¤9Y2Z\^wqs^irqqkg]To\jkdmlenq2dfnqg{s^jkZirj2jkZ\^ t d  X^"{k^"nejsdfi#h½^w±vgi#jkdmlenZiSq2irnWgn\df±vg\^qslShpgjsdplSn½¤
X iTxhplSqk^ t jkir{kr^"j$# o p qsr ¤µY2Z\^SiS]^¡2dphmh¹qkjsleo¡	Z\^"n\^"©r^w{°jZ\^qkjki#jk^{s^wirx0Z\^wq9jkZ\^jkiS{sS^j"¤
X iTxlSqkj*¯gnxjsdplSnWirqqklvxdpirjs^ t jslT^wirx0Zoi#df{*l#¯gnxjkdmlenq ]ef]m _0dhg]hm _h_ ³% ]l def]h_dhg]__O`&('*),+C^.- \(]^0_No #0/ m
}n lSjkZ\^w{,¡9lS{ t q"³*% ]l def]h_dhg]__ dpqjZ\^9q]Ti#hphm^wqsjjsdf]_^2qkgx0ZjkZirjjZ\^*qsji#js^*{k^"irx0Z^"q¹jZ\^*jkiS{sS^j³d OjkZ\^*dfn\dpjsdfi#hqkjki#jk^°dfq l ¤  ^*qk^j"% ]lfdhec]_dg1]h_h_N`2143 dmjkZ^9qkjkirjs^2n\^©S^"{{s^wirx0Z\^wq,jZ\^*jkiS{sS^j¤
X  ^ t ^)<n\^TjZ\^T¯gnxjsdplSn65 ]l _ irqjkZ\^²hpl'¡9^"{©'i#hfg\^_¯gnxjkdmlenBlr°jZ\^²SiS]^_dfn¥jZ\^²qs^wnqk^_lr
µir{i#dpuSi³eGlyvdfn½³ + hphpdmlSj	irn t ¦i#hpjslen ? #AÎ³ ?  6 AÎ³ ?m`AÎ¤87iS]_^hpu
5 ]lR_O`9&(':);=<
>@?BADCEGFIHJ<
K % ]l dML$]g1]h_h_0dhg]_h_0d
¡	Z\^"{k^ON­dpq°jkZ^qk^j%lr,]_^"irqg{i ¢ hp^2¯gnxjsdplSnqµ¯{klS] p q4P jsljZ\^xlSnej{slShqs^"j  ³viSn tRQ dpq°jkZ\^qs^"j2l#7n\lSnWirnejkdpxdpoirjsdp©r^qsj{kirjs^"rdp^"q9l#7jkZ\^]_dfn\df]dp§^w{¤
 ^Txleg\h tBt ^	<n\^r³XdfnjZ\^_qir]_^¡9iuS³jZ\^_goo^w{©irhpg^ ¯gnxjsdplSnBl#µjZ\^eir]_^r³½iSn t i#hph7jkZ\^
{s^wqkghmjq*l#7jkZ\dfq	oiSo^w{*¡°leg\h t {k^"]Ti#dfn©'irhmd t ¤
}nWle{ t ^w{*jsl®l ¢ jkirdpnWi t dpqxlegnejs^ tWt dm X^"{k^"nejsdfi#h¹eir]_^=¯¡	Zdpx0ZW¡2dphmh ¢ ^ dp]TolS{kjkirnej2jklo{kl'©r^jkZ\^
^y\dpqkjs^wnx^l#jkZ\^iSoo{klyvdf]Ti#jk^ t qklrhfg\jkdmlen1D6³\¡9^]_iS¨#^gqk^lrjZ\^«lrhphml'¡2dfn\_¦{kg§"¨#l'©Tj{kiSnq}«le{k]Ti#Ç
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